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ABSTRACT 

A semi-a tomis t ic  model i s  p roposed   fo r   t he   non-duc t i l e  

f a i l u r e   o f  materials based upon an   ana lys i s   o f  s t a t i c  and  dynamic 

stress concen t r a t ions   i n   un iax ia l   f i be r -ma t r ix   compos i t e  materials. 

I n  t h i s  model t he   f i n i t e   spac ing   o f   bonds  is  a c c o u n t e d   f o r   i n   t h e  

d i r e c t i o n  of a c r a c k   o r   f l a w ,  wh i l e  t h e  material i s  cons idered  as 

c o n t i n u o u s   i n   t h e   p e r p e n d i c u l a r   d i r e c t i o n .  An elementary,  two- 

d imens iona l   ana lys i s   based  on l i nea r   fo rce -d i sp lacemen t  laws shows, 

t h a t   t h e  stress concen t r a t ion  i s  dependent  only upon the d i g i t a l  

quan t i ty   o f  t h e  number  of adjacent ,   broken  f i laments   or   bonds,   and 

i s  independent of t he   spac ing   and   o f   t he   r e l a t ive  e las t ic  p r o p e r t i e s  

of t h e  f iber  and  matrix.  The form  of t h e  s t a t i c  stress concentra-  

t i o n   f a c t o r  

where n i s  t h e  number of adjacent   broken  bonds,  c i s  the   c r ack   dep th  

and d i s  t h e  bond spac ing ,  i s  f o r m a l l y   e q u i v a l e n t   t o   t h a t   o b t a i n e d  

u s i n g   r e l a t i o n s   g i v e n  by G r i f f i t h  ( R e f .  1) and  Charles ( R e f .  3 ) .  

The r e s u l t s   o f  t he  e l emen ta ry   ana lys i s  are o f   s u f f i c i e n t  

s i g n i f i c a n c e  t o  war ran t   ex t ens ion  of t h e   t h e o r y   t o   n o n - l i n e a r   f o r c e  

e longa t ion ,   and   t o   accoun t   fo r   t empera tu re ,  stress corrosion  and 

s t a t i c  f a t i g u e   e f f e c t s .   I n   a d d i t i o n ,   e x p e r i m e n t a l   v e r i f i c a t i o n   o f  

th i s   theory   should   be   under taken   us ing  both cova len t   and   i on ica l ly  

bonded materials, as well as metals under   condi t ions  where non- 

d u c t i l e   f a i l u r e   o c c u r s .  
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I. INTRODUCTION 

The t e c h n i c a l   s t r e n g t h   o f   n o n - d u c t i l e . m a t e r i a l s   h a s  become of 

i n c r e a s i n g   i n t e r e s t   b e c a u s e   o f  their  u s e   i n   f i b e r s   ( g l a s s ,   e l e m e n t a l  

bo ron ,   ox ides ,   ca rb ides ,  etc.)  and   thermose t t ing   po lymers   (epoxies ,  

s i l i cones ,   po lybenzimidazoles ,  e tc . )  t h a t  f o r m   t h e   c o n s t i t u e n t s   o f  

many high  performance  composi tes   used  in   advanced  s t ructural   appl ica-  

t i o n s .   F u r t h e r ,  many methods   o f   improving   the   t ens i le   s t rength   o f  

m e t a l l i c  materials do so by r educ ing   d i s loca t ion   mob i l i t y   and   t end  

towards   genera t ing   non-duct i le   f rac ture  modes. Also, t h e   u s e   o f  

r e f r a c t o r y   o x i d e  ceramics, c a r b i d e s ,   g r a p h i t e  and  carbon i n   b u l k  

s h a p e s   f o r   s t r u c t u r a l   a p p l i c a t i o n s   f o r c e s   a t t e n t i o n  upon t h e i r  

e s s e n t i a l l y   n o n - d u c t i l e   f a i l u r e  phenomena. 

Other  r e a s o n s   f o r   i n t e r e s t   i n  t h e  s t r e n g t h   a n d   f a i l u r e   o f  non- 

d u c t i l e   m a t e r i a l s   a r e   f o u n d   i n   c r y o g e n i c   a p p l i c a t i o n s .  In these 

a p p l i c a t i o n s ,   e l a s t o m e r i c   o r   t h e r m o p l a s t i c   m a t e r i a l s  are o f t e n  

f o r c e d   t o   o p e r a t e  a t  t empera tu res   be low  the   "g l a s s   t r ans i t i on" ,  

w h e r e   t h e y   e x h i b i t   b r i t t l e ,   n o n - d u c t i l e   f r a c t u r e   a s s o c i a t e d   w i t h  

ca t a s t roph ic   c r ack   p ropaga t ion .  



11. INTRINSIC AND TECHNICAL STRENGTH O F  MATERIALS 

S o l i d s   d e r i v e   t h e i r   r e s i s t a n c e   t o   d e f o r m a t i o n  from t h r e e  

types   o f   in te ra tomic   bonds :  

- metallic, 

- i on ic ,   and  

- cova len t .  

A schematic r e p r e s e n t a t i o n   o f  t h e  f o r c e - d e f o r m a t i o n   c h a r a c t e r i s t i c  

i n h e r e n t   i n  t h e  i n t e r a t o m i c  bond i s  shown i n   F i g u r e  1. 

Conventional materials o f   cons t ruc t ion  are predominantly 

m e t a l l i c .  Metals e x h i b i t   d i s l o c a t i o n   m o b i l i t y ,   w h i c h   a l l o w s  the 

r e l i e f   o f  stress concen t r a t ion  by what i s ,  i n   e f f e c t ,  a premature 

bu t   non-ca t a s t roph ic  ( i . e . ,  " s e l f - h e a l i n g " )   f a i l u r e  mode. A g e n e r a l  

t e r m  f o r   t h i s   t y p e   o f  materials r e s p o n s e   t o  stress i s  " d u c t i l i t y " .  

Even metallic materials,  however, may e x h i b i t   n o n - d u c t i l e   f r a c t u r e  

where i m p u r i t i e s ,  work h a r d e n i n g   a n d   c y c l i c   f a t i g u e   ( d i s l o c a t i o n  

p i l e - u p ) ,   o r   p e c u l i a r   c r y s t a l l o g r a p h i c   p r o p e r t i e s   ( b e r y l l i u m )  

restrict d i s l o c a t i o n   m o b i l i t y .  

Other  types  of materials derive their  cohes ion   f rom  e lec t ro-  

s t a t i c  forces   ( ion ic   bonds)   and   f rom  quantum  mechanica l   e lec t ron  

exchange  forces   (covalent   bonds) .  T h e  l a t t e r  bonds are t y p i c a l  

f o r  ceramics, g l a s s e s ,  e tc .  Because  covalent  bonding  forces are 

space   o r i en ted   t hey   u sua l ly   p reven t   d i s loca t ion   mo t ion ,   and   t he re fo re ,  

i n   p r i n c i p l e ,  can provide  materials of  much h i g h e r   s t r e n g t h .  

2 



However, because   o f   t he   absence   o f   t he   "duc t i l e "  stress relief 

mechanism p o s s i b l e   f o r  metallic (and some ion ic )   bonds ,   cova len t ly  

bonded materials are s u b j e c t   t o   o t h e r   p r e m a t u r e   f a i l u r e  modes t h a t  

are a s s o c i a t e d   w i t h   e i t h e r  s t a t i c d r  dynamic stress concen t r a t ions  

( b r i t t l e  ' f r a c t u r e )  . 
The obse rved   t ens i l e   s t r eng th   o f   non-duc t i l e  materials i s  

o r d e r s  of magnitude lower t h a n   t h e   i n t r i n s i c   i n t e r a t o m i c   c o h e s i o n  

t h a t   c a n   b e   d e r i v e d ,   f o r   i n s t a n c e ,   f r o m   t h e i r   h e a t   o f   s u b l i m a t i o n .  

Fo l lowing   o r ig ina l  work o f   G r i f f i t h ,   I n g l i s ,   a n d   o t h e r s   ( R e f s .  1-3) 

e x p l a n a t i o n s   f o r  t h i s  def ic iency   have   been   g iven   in  terms of  ob- 

s e r v e d   o r   p o s t u l a t e d   f l a w s   t h a t  are r e spons ib l e   fo r   mic roscop ic  

stress c o n c e n t r a t i o n s   i n  a seemingly  uniformly stressed body. 

One u n s a t i s f a c t o r y   a s p e c t   o f   t h e  c lass ical  f law  theory  is i ts  

dependence upon an   i so t rop ic ,   con t inuous  medium f o r   c a l c u l a t i o n   o f  

the  stress a t  the  crack t i p  and t h e   n e c e s s i t y   t o   p o s t u l a t e  a f i n i t e  

crack t i p   r a d i u s   t o   o b t a i n   f i n i t e   v a l u e s   f o r  stress concen t r a t ion  

f a c t o r s .   E q u a l l y   u n s a t i s f a c t o r y   a r e   t r e a t m e n t s   i n v o l v i n g  a free- 

s u r f a c e   e n e r g y   o r   " s u r f a c e   t e n s i o n "   a n d   r e l a t e d   p o t e n t i a l   e n e r g y  

p o s t u l a t e s   t o   d e t e r m i n e  c r i t i c a l  f law s i z e .  The f i r s t  approach 

obv ious ly   v io l a t e s   t he   d i sc re t e   na tu re   o f   mo lecu la r   a r r angemen t s  

t h a t  must   be  considered  in   an  a tomist ic   view  of  the crack t i p  

geometry. The second  approach deals w i t h   t h e  s t a t i c  s i t u a t i o n  

p r e v a i l i n g  a t  some t i m e  a f t e r   t h e   f a i l u r e   h a s   o c c u r r e d ,   a n d  i s  

3 



i n c a p a b l e   o f   a c c o u n t i n g   f o r   t h e   d e t a i l e d - d y n a m i c  mechanisms a t t end-  

i n g   t h e   s t r a i n i n g   a n d   f a i l u r e   o f   i n t e r a t o m i c   b o n d s .  (A p o r t i o n   o f  

t h e   f a i l u r e   e n e r g y   m u s t  leave t h e   f a i l u r e  domain i n   t h e  form  of 

t h e r m o e l a s t i c  wavelets o r  phonons.)' 

An a t t empt  t o  a c c o u n t   f o r   f i n i t e  bond  spacing  has   been  presented 

by E l l i o t  ( R e f .  4 ) .  Here t h e   m a t e r i a l  w a s  cons idered  as a Hookean 

e las t ic  cont inuum  wi th   the   except ion   of  two monatomic l a y e r s  immedi- 

a t e l y   a d j o i n i n g   t h e   c r a c k   a r e a .   T h i s   c o n c e p t   a l l o w s   a c c o u n t i n g   f o r  

t h e   n o n - l i n e a r   f o r c e - e l o n g a t i o n   c h a r a c t e r i s t i c s   o f   h i g h l y   s t r a i n e d  

b o n d s ,   b u t   s u f f e r s   f r o m   t h e   t r a n s i t i o n   t o   c o n t i n u u m   m e c h a n i c s  a t  an 

a tomic   d i s t ance  removed  from the   c r ack .   Fo r   i n s t ance ,   ana lys i s   o f  

c o h e s i v e   f o r c e   d i s t r i b u t i o n   b a s e d   o n   E l l i o t ' s  model y i e l d s   l a r g e  

stress g r a d i e n t s   i n   d i s t a n c e s   s m a l l e r   t h a n   t h e   i n t e r a t o m i c   s p a c i n g .  

T h i s   r e s u l t  i s  d i f f i c u l t   t o   r e c o n c i l e   w i t h   t h e   d i s c r e t e   n a t u r e   o f  

materials. 

A new approach,   suggested by t h e   r e s u l t s   o f  a recent   s tudy   on  

c r a c k   p r o p a g a t i o n   i n   f i l a m e n t a r y  materials w i t h   p a r t i a l l y   b r o k e n  

f i l amen t s  ( R e f .  51, a v o i d s   t h e   n e c e s s i t y   o f   p o s t u l a t i n g   c r a c k   t i p  

r ad i i ,   bu t   r e t a ins   an   e s sen t i a l ly   con t inuum  mechan ica l   app roach  

s u i t a b l e   f o r   a n a l y t i c a l   t r e a t m e n t .  A s  a p p l i e d   t o   i n t e r a t o m i c  

dimensions  this   approach  provides  a semi-atomist ic  model i n   t h e  

s e n s e   t h a t   f i n i t e   s p a c i n g   o f   b o n d s  i s  a c c o u n t e d   f o r   i n   t h e   d i r e c t i o n  

o f   t h e   c r a c k ,   w h i l e   t h e   m a t e r i a l  i s  cons idered  as c o n t i n u o u s   i n   t h e  

4 
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d i r e c t i o n   p e r p e n d i c u l a r   t o   t h e   c r a c k .  Th i s  concept i s  developed 

h e r e   f o r   t h e   p r e d i c t i o n   o f   f l a w   e f f e c t s  on t e c h n i c a l   s t r e n g t h ,  and 

is  co r re l a t ed   w i th   pub l i shed   expe r imen ta l   da t a .   Ex tens ion   o f   t h i s  

theory   to   non- l inear   force-e longat ion ,   and   to   account  for tempera- 

t u r e   e f f e c t s ,  stress c o r r o s i o n ,   s t a t i c   f a t i g u e ,  e tc . ,  i s  p o s s i b l e  

i n   p r i n c i p l e ,   b u t   h a s   n o t   b e e n   c a r r i e d   o u t   i n   d e t a i l .  

I 



111. FRACTURE ANALYSIS 

Hedgepeth  (Ref. 5 )  h a s   t r e a t e d   t h e  case of a one-dimensional 

a r r a y   o f   p a r a l l e l  e las t ic  f i l a m e n t s   i n  a m a t r i x  w i t h  e l a s t i c  shear -  

i n g   s t i f f n e s s ,   a n d   w i t h  a c rack   ex tending   over  n f i l a m e n t s ,  as 

shown i n   F i g u r e  2.  The a r r a y  i s  assumed t o   b e   s u b j e c t   t o   u n i a x i a l  

t e n s i o n   i n  a d i r e c t i o n   n o r m a l   t o  the  crack. The s ta t ic  stress con- 

c e n t r a t i o n   f a c t o r ,  K f o r   t h e   f i r s t  unbroken  f i lament  i s  given  by 

the   r ecu r s ion   fo rmula  

n '  

Kn = 4 - 6 0  8 ( 2 n + 2 )  
3 . 5 .  7 ( 2 n + 1 )  

F igure  3 shows t h e   r e l a t i o n   b e t w e e n  the  number of   b roken   f i l aments ,  

n ,  and the  stress c o n c e n t r a t i o n   f a c t o r ,  as g iven   i n   Equa t ion  1. 

K d i v e r g e s   f o r   l a r g e   n ,   b u t   c a n   b e   r e p r e s e n t e d  w i t h  high  accuracy 

f o r  n > 1 0  by 

n 

K =  n ZJ;; 2 exp (2) 8n 

Since  exp (k) converges   xap id ly   t o   un i ty   fo r   l a rge   n ,   Equa t ion  2 

can also be  approximated by 

* The d e r i v a t i o n   o f   t h i s   e x p r e s s i o n  is  due t o  G. Schindler   and 

is  g i v e n   i n  Appendix A. 

6 
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I t  i s  s i g n i f i c a n t   t h a t ,   w i t h i n   t h e   l i m i t a t i o n s   o f   t h e   a n a l y s i s ,  

t h e  stress c o n c e n t r a t i o n  i s  independent of the   spac ing   and  of t h e  

e las t ic  p r o p e r t i e s  of f i b e r  and  matrix,   and i s  dependent   only on 

a d i g i t a l   q u a n t i t y ,  i .e.,  t h e  number of   ad jacent   b roken   f i l aments .  

I t  i s . f u r t h e r   i n t e r e s t i n g   t h a t   t h e   f o r m  of t h e  stress con- 

c e n t r a t i o n   f a c t o r   g i v e n   i n   E q u a t i o n  2a i s  fo rma l ly   equ iva len t  t o  

t h a t  which  can  be  obtained by u s i n g   r e l a t i o n s   g i v e n  by G r i f f i t h  

( R e f .  1) and by Char les  ( R e f .  3 )  for t h e  c r i t i c a l  stress a t  f a i l u r e  

'cr a n d   f o r   t h e   i n t r i n s i c   s t r e n g t h ,   F ,   r e s p e c t i v e l y :  

U S E  

and 

where S is  t h e  su r face   ene rgy ,  E i s  the  Young's  modulus, c is  

the  crack depth,  and a is t h e   i n t e r a t o m i c   s p a c i n g .  

Combining  Equations ( 3 )  and ( 4 )  y i e l d s  

I n   a d d i t i o n  t o  t h e  s ta t ic  stress concen t r a t ion   desc r ibed  by 

Equation 1, dynamic  overload stresses occur   due   t o  the e las t ic  

waves   genera ted   by   the   sudden   f rac ture   o f   one   o r   severa l   f i l aments .  

The  dynamic  overload, q k ,  due t o  a sudden   f rac ture   o f  k f i l a m e n t s  

7 



is  g iven  by  Hedgepeth  (Ref. 5)  f o r  1, 2 ,  3 f i l a m e n t s  as 1.15,  

1 .19  and 1 . 2 0 ,  r e s p e c t i v e l y ,   w i t h  a l i m i t i n g   v a l u e   o f  TI, = 1 . 2 7  

f o r   t h e   s i m u l t a n e o u s   f a i l u r e   o f  many f i l a m e n t s .  

T h i s   a n a l y s i s  assumes t h a t  k f i l a m e n t s   f a i l   s i m u l t a n e o u s l y ,  

b u t   t h a t   p r i o r   t o   t h e   f a i l u r e  a l l  f i l a m e n t s  were i n t a c t .  The 

r e s u l t s   o f   t h i s   a n a l y s i s   c a n   a l s o   b e   u s e d  as a f i r s t   a p p r o x i m a t i o n  

t o   t h e  case where   p re -ex i s t ing   f a i lu re s   have   gene ra t ed  a s t a t i c  

c r ack ,   and   where   t he   i n s t an taneous   f a i lu re   o f  k a d d i t i o n a l   f i l a -  

ments  produce a dynamic stress concen t r a t ion .  

Consider now a non-duc t i l e   ma te r i a l   w i th  a " f l a w "   i n  the form 

of a p l a n e   r e g i o n   p e r p e n d i c u l a r   t o   t h e   d i r e c t i o n   o f   a p p l i e d  stress, 

as shown i n   F i g u r e  4. The f law may ei ther  b e   a t   t h e   s u r f a c e   o r   i n  

t h e   i n t e r i o r   o f   t h e  body. 

We may  now u s e   t h e   c o n c e p t   o f   " f i l a m e n t s "   f o r  t he  a r r a y s   o f  

mo lecu la r   bonds   i n   t he   d i r ec t ion   o f  t h e  a p p l i e d  stress. A p l ane  

s e c t i o n   p a r a l l e l   t o   t h e   a x i s   o f  stress, and   pass ing   th rough  the  

maximum d iame te r   o f   t he   f l aw ,  may t h e n   e x h i b i t  a p i c t u r e   v e r y  much 

l ike   t he   two-d imens iona l   a r r ay   o f   f i l amen t s  shown i n   F i g u r e  2 .  

The stress c o n c e n t r a t i o n   p r e v a i l i n g   i n  t h e  b o n d s   a d j a c e n t   t o   t h e  

flaw edge i s  given by Equation 1 o r  2 ,  and i s  s e e n   t o   d e p e n d   s o l e l y  

on t h e  number of  broken  bonds, n = 2c/d. I n  t h i s  equa t ion  2c i s  

t h e  maximum d i a m e t e r   o f   t h e   i n t e r i o r   f l a w   ( o r ,  c i s  the   dep th   o f  a 

s u r f a c e   f l a w ) ,  and d i s  the  spacing  of   the  broken  bonds,   measured 
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i n   t h e   p l a n e  of the   f l aw .  With t h i s  semi-atomistic  model,  t h e  

c r i t i c a l  stress level a t  which  crack  propagation w i l l  occur  becomes, 

f o r   l a r g e   n ,  

I t  is  seen  t h a t ,  a c c o r d i n g   t o  this a n a l y s i s ,   f a i l u r e  w i l l  

occur  a t  a f r a c t i o n  of t h e   i n t r i n s i c   s t r e n g t h ,   a n d  t h a t  t h i s  

f r a c t i o n  i s  dependent  both  on the number of  broken  bonds i n   t h e  

pre-exis t ing  f law,   and  on t h e  nature   of   the   micro-dynamic stress 

concent ra t ion   caused  by sudden   addi t iona l  bond f r a c t u r e .  

9 

I 



I V .  D I S C U S S I O N  OF MICRO-DYNAMIC EFFECTS 

We may d i s t i n g u i s h   t h r e e  mechanisms  of  crack-propagation, 

depending   upon  sever i ty   o f   the   dynamic   e f fec t :  

a)  

b )  

10 

Quas i -s ta t ic   (Creeping)   Crack   Propagat ion  

Crack  propagation i s  thermochemica l ly   ac t iva ted ,  i . e . ,  

t h e  e l a s t i c  wave (phonon-packet)  emitted by t h e   f a i l u r e  

of  a s i n g l e  bond is  i n s u f f i c i e n t   t o   c a u s e   i m m e d i a t e  

f a i lu re   o f   add i t iona l   bonds .  The s t a t i c  stress .concen- 

t r a t i o n  i s  h igh   enough ,   however ,   t ha t   a f t e r   su f f i c i en t  

e l a p s e d  time, f a i l u r e  w i l l  occur  by chemica l   a t tack   of  

a d s o r b e d   a t m o s p h e r i c   c o n s t i t u e n t s   ( p a r t i c u l a r l y   o f   w a t e r  

i n   t h e  case o f   s i l i c a   g l a s s e s )   a n d ,   p o s s i b l y ,  by  random 

thermal   motion.   This   process  i s  similar t o   t h a t  which 

c a n   b e   p o s t u l a t e d   f o r   s u r f a c e   s o l u b i l i t y   a n d   s u b l i m a t i o n  

o f   s o l i d s   e x c e p t   t h a t   t h e  bond f a i l u r e   p r o b a b i l i t y   h e r e  

i s  enhanced by the   mechan ica l ly   - i nduced   bond   s t r a in   a t  

t h e   c r a c k   t i p .   T h e s e   e f f e c t s  w i l i  r e d u c e   t h e   i n t r i n s i c  

bond s t r e n g t h ,   b u t ,   i n   t h i s  case, t h e  "dynamic stress 

concent ra t ion"   can   be   neglec ted .  

T r a n s i t i o n  

There i s  a t h r e s h o l d  case w h e r e   t h e   t r a n s i e n t  stress 

c o n c e n t r a t i o n   o f   t h e  bond f a i l u r e   p r o c e s s .  i s  s u f f i c i e n t  

t o   c a u s e   f a i l u r e  of t h e   a d j a c e n t  bond before   the  dynamic 



stress has d i s s i p a t e d ,   b u t   w i t h   s u f f i c i e n t  time de lay  

t o   p r e v e n t   t h e   c a t a s t r o p h i c   i n t e r a c t i o n   o f   p h o n o n s  

emi t t ed  by c o n s e c u t i v e   f a i l u r e s .  The speed  of   crack 

propagat ion w i l l  be  expected t o  be sma l l  compared t o  

the v e l o c i t y  of sound i n   t h e   m a t e r i a l .  Dynamic over- 

l o a d   f a c t o r s  of t h e  order of those g iven   i n   Re fe rence  5 

f o r   s i n g l e   i n s t a n t a n e o u s  bond f a i l u r e  w i l l  be expected. 

c) Ca ta s t roph ic  Crack Propagation 

Crack  propagation is  " i n s t a n t a n e o u s "   i n  t h e  s e n s e   t h a t  

t he  dynamic effect  of  a l a r g e  number of  bond f a i l u r e s  

w i l l  accumulate  causing t h e  bond a t  t h e  c r a c k   t i p   t o  

fa i l   wi thout   thermal   de lay .   Thus ,  a shock wave w i l l  be 

g e n e r a t e d   t h a t  w i l l  be e x p e c t e d   t o   p r o p a g a t e   a t   s o n i c  

v e l o c i t y  . 
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-V. EXPERIMENTAL CORRELATION 

E x p e r i m e n t s   c o n c e r n i n g   t h e   t e n s i l e   s t r e n g t h  of g l a s s   w i t h  

flaws or i n i t i a l   c r a c k s   o f   v a r i o u s  s i z e s  and  or igins   have  been 

r e p o r t e d  by many i n v e s t i g a t o r s .  The absolute   values   of   measured 

s t r e n g t h   v a r y   o v e r  a wide  range  depending  on  conditions  of test, 

s i z e  and  shape  of tes t  specimens,   atmosphere,   aging,  previous heat 

t r ea tmen t s   o f   g l a s s   ( t emper ) ,  e tc .  I t  is  found  by many i n v e s t i g a t o r s ,  

however, t h a t   t h e   m e a s u r e d   s t r e n g t h  i s  i n v e r s e l y   p r o p o r t i o n a l   t o  the 

s q u a r e   r o o t   o f   t h e  f l a w  s i z e ,  as p r e d i c t e d  by Equation 6 .  A l s o ,  a 

marked  dependency  of   fa i lure   s t rength  with ra te  o f   l o a d   a p p l i c a t i o n ,  

"s ta t ic  fa t igue" ,   and   s low  growth   of  cracks t h a t  are o r i . g i n a l l y  

smaller t h a n  the  c r i t i ca l  s i z e ,  has been w e l l  e s t ab l i shed .   These  

o b s e r v a t i o n s   c o r r e l a t e   q u a l i t a t i v e l y  w i t h  t he  dynamic f a i l u r e  model 

d i scussed  here. 

The t h e o r e t i c a l   c r i t i c a l  bond f a i l u r e  number n ,   g iven  by 

Equation 6 ,  i s  p l o t t e d  vs ucr  /F i n   F i g u r e  5 ,  using  HedgePeth's  

"two-dimensional"  dynamic  factors  of 1.15 and 1 . 2 7  f o r   t r a n s i t i o n  

a n d   c a t a s t r o p h i c   c r a c k   p r o p a g a t i o n ,   r e s p e c t i v e l y ,   a n d   u s i n g  1 . 0  f o r  

the  q u a s i - s t a t i c  case of   "c reeping"  crack propagat ion .  A l s o  p l o t t e d  

i n   F i g u r e  5 are data from  Reference 1 ( f o r   r e l a t i v e l y   l a r g e  cracks) 

and  Reference 4 ( f o r  small sur face   abras ions)   for   compar ison   be tween 

the present   theory   and   exper iments .  

1 2  



For   the   purpose   o f   th i s   compar ison ,   severa l   assumpt ions  were 

made : 

1. The bond  spacing .d was assumed t o   b e   t h e   i n v e r s e   s q u a r e  

r o o t   o f   t h e  number of  S i - 0  bonds/uni t  area i n   f u s e d  

s i l i c a  (Ref. 3 )  y i e l d i n g  

d = 5.4 = 2 . 1  x lo-* i n .  

W e  n o t e   t h a t   t h i s   v a l u e  i s  c o n s i d e r a b l y   l a r g e r   t h a n   t h e  

S i - 0  bond d i s t a n c e  

a = 1.6 = -63 x 10 -8  i n .  
S i - 0  

2 .  

The r e a s o n   f o r   t h i s   d i f f e r e n c e  becomes e v i d e n t   i f   t h e  

open  network-structure   of  s i l i c a  shown s c h e m a t i c a l l y   i n  

F igu re  6 i s  cons idered .  

The i n t r i n s i c   s t r e n g t h  w a s  assumed t o  be 2.5 x l o 6  P s i  

f o r   g l a s s  tes ted i n  normal  atmosphere ( tes t s  by G r i f f i t h ,  

Ref. 1) 1 . 8  X l o 6  p s i  and  3.2 X l o 6  p s i   f o r  tests i n  water 

and i n   l i q u i d   n i t r o g e n ,   r e s p e c t i v e l y  (tests by Mould and 

Southwick,  Ref. 6 )  . The value  of  2.5 x l o 6  p s i   c o r r e l a t e s  

w e l l  wi th   exper imenta l   va lues   ob ta ined   f rom  th in ,   p resumably  

f l aw- f ree   f i l amen t s  ( R e f .  3 1 ,  a n d   w i t h   t h e   t h e o r e t i c a l  

s t rength  obtained  f rom  Equat ion 4 ,  i f   t h e  bond d i s t a n c e ,  a ,  

is rep laced  by t h e  bond spac ing  d = 5.4 A. The i n c r e a s e  

o f   i n t r i n s i c   s t r e n g t h   d u e   t o   i m m e r s i o n   i n   l i q u i d   n i t r o g e n  
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may b e   c o r r e l a t e d   t o  two f a c t o r s :  The lower  temperature  

r educes   t he rma l   ac t iva t ion   o f  t h e  f a i l u r e  mechanism i tself .  

A l s o ,  the   lower   t empera ture  w i l l  reduce chemical a t t a c k   o f  

t h e  f r a c t u r e   t i p   w i t h   a t t e n d a n t   l o w e r i n g   o f  t h e  r e s i d u a l  

i n t r i n s i c  bond s t r e n g t h   s u c h  as o b s e r v e d   i n   t h e  tests 

conducted immersed i n   w a t e r .  

3.4 



VI.  CONCLUSIONS  AND  RECOMMENDATIONS 

The semi-atomist ic  model   o f   non-duct i le   fa i lure   appears   to  

p r e d i c t   t h e   e s s e n t i a l   f e a t u r e s   o f   f a i l u r e   o b s e r v e d   i n   g l a s s y  ma- 

terials. The a n a l y s i s   h e r e   h a s   b e e n   r e s t r i c t e d   t o  a two-dimensional 

model   and  has   not   accounted  for   the  detai led  mechanisms  a t tending 

an   in te rmolecular  bond f a i lu re .   Th i s   r e f inemen t  is ,  however, 

p o s s i b l e   i n   p r i n c i p l e  and   should   y ie ld  a  more complete  understanding 

of fa i lure   mechanics  on  an  atomic  level.  Two p a r t i c u l a r   s u b j e c t s  

should  be  considered:  

\ 

- A t h e o r e t i c a l   t r e a t m e n t   o f  t he  dynamic f a i l u r e  phenomena, 

inc luding   cons idera t ion   of  thermal v ib ra t ions ,   and  

- An expansion of Hedgepeth's work t o   i n c l u d e  three- 

dimensional   arrays  of   bonds,   as  w e l l  a s   ne twork-s t ruc tures  

of   the  type shown i n   F i g u r e  5 ,  and t o   i n c l u d e   r e a l i s t i c  

n o n - l i n e a r   f o r c e   d i s p l a c e m e n t   c h a r a c t e r i s t i c s   o f  t h e  

in t e rmolecu la r  bond. 

Well c o n t r o l l e d   s t a t i c  and  dynamic f r ac tu re   expe r imen t s   w i th  

non-duc t i l e   ma te r i a l s  of c u r r e n t   t e c h n i c a l   i n t e r e s t ,   i n c l u d i n g  

a r t i f i c i a l l y   i n d u c e d   f l a w s   i n  the test  specimens  should be conducted 

t o   c o r r e l a t e   r e f i n e d   t h e o r e t i c a l   p r e d i c t i o n s .  Such experiments 

s h o u l d   b e   c o n d u c t e d   f i r s t   i n   i n e r t   a t m o s p h e r e s  t o  e l i m i n a t e   t h e  

obscu r ing   e f f ec t s   o f   chemica l   c r ack   t i p   a t t ack .   La te r ,   bo th  

t h e o r e t i c a l  and  experimental  work should be d e v o t e d   t o  a q u a n t i t a t i v e  
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understanding  of  "stress-corrosion" as it affects  catastrophic 

and creeping  crack  growth. 

Candidate  materials  for  such  experimental  studies  are  refractory 

metals,  thermosetting  polymers,  thermoplastics  and  elastomers  at 

temperatures  below  the  glass  transition,  and  "exotic"  polycrystalline 

or  amorphous  materials  such as boron,  beryllium,  carbon and graphites 

in  either  bulk  or  fiber form. 
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APPENDIX 

Reference 5 determined the stress  concentration factor, Knt 

for  a  plane  filamentary structure in the static  equilibrium in 

the case of n  broken  filaments  as  follows: 

Kn = 4 - 6 8 - - -  (2n + 2) 
3 5 7 - - -  (2n + 1) 

For large n, expression A-1 is inconvenient  to  evaluate. 

Equation A-1 can be written 

According to Reference 7, the quantity n! can be expressed in 

the  form 

where 

An 
sin 2nrx d x  

x c  rn 
n r= 1 

(A-4 1 

Inserting (A-3) into (A-2), one obtains 

3 
n+T ( AnfAn+1-A2n+l)  (A-5) 

K = & G -  . e  
n  2 

3 
n+T ( AnfAn+1-A2n+l)  (A-5) 

K = & G -  . e  
n  2 

Forming  the natural logarithm of this expression, it follows that 

A - l  



- A  
2n+1) (A-6)  

I f  n 1 1, t h e   e x p r e s s i o n s  log (I++) and  log (l+k) can  be   wr i t ten  

i n  a power series 

m 

1 -  1 1 -  r-1 1 * - + -  1 . -  + , . . = c (-1) - 
n 2 2 3 n n 3 r= 1 - r p) 

A f t e r  some t r ans fo rma t ions  w e  o b t a i n  

I n s e r t i n g  ( A - 7 )  i n t o  (A-6)  y i e l d s  

According t o   E q u a t i o n  ( A - 7 1 ,  t h e  series f o r  Bn can be  major ized 

a s   fo l lows  : 

A-2 



Equation (A-4) y i e l d s   a f t e r   i n t e g r a t i o n  by p a r t s :  

(A-10)  

Now, accord ing   t o   Re fe rence  7 ,  

W 

2 1 = l T  c -  
r 2 6 

- 

r= 1 

(A-11) 

Hence : 

03 03 

The sum (An + An+1 - A2n+1)  can  be  expressed as follows: 

1 1 
A n + An+l - A2n+1 n+l   2n+l  

(A-13) 



The remainder   can  be  es t imated by 
W W 

W 

3 - *  c -  - dx = 1 1 1 

n 
3 2 - . -  

~ I T  e r=l r X 8IT 2 
n 

I t  is  f u r t h e r   f o r  n > 0 :  

and 

(A-14) 

(A-15) 

Hence, Equation (A-13) reads 

A A A + n + l  n 2n+l  
- - 

(A-16) 
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Equation (A-8) reads  

log Kn = - log (p) + .- - + - - .  - + 1 1 1 1 1 
2 2 n 8 n 

or 

The remainder A can  be estimated: 

Equations (A-9) and A-14)  y i e l d  

1 4 - 5 + k )  
n 48 

For n 2 1 0  w e  have 

(A-17) 

(A-18) 

(A-19) 

Hence, fo r  n 2 10, log Kn can  be  expressed w i t h  s u f f i c i e n t  

accuracy by 



Since  
-0.01 + 0.01 

O L e  ~e = 1 . 0 1 0 0 5  ... 1.011 

w e  ob ta in   the   approximat ion   formula  

wh ich   g ives   t he   exac t   va lue   fo r  Kn within  an  accuracy  of less 

than 1.1%, i f  n 2 1 0 .  I t  i s  c l e a r   t h a t  K t e n d s   t o   i n f i n i t y   l i k e  n 

t h e   s q u a r e   r o o t  of n.  

A-6 NASA-Langley, 1966 CR-471 


